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JACOB’S LADDERS, NEW PROPERTIES OF THE FUNCTION 
argC(i+it) AND CORRESPONDING METAMORPHOSES 

JAN MOSER 


Abstract. The notion of the Jacob’s ladders, reversely iterated integrals and 
the ^-factorization is used in this paper in order to obtain new results in study 
of the function arg(^ ^2 it^. Namely, we obtain new formulae for non-local 
and non-linear interaction of the functions ^ \ and arg(^ (^2 -h , and 

also a set of metamorphoses of the oscillating Q-system. 


1. Introduction 

1.1. Let us denote by N{T) the number of zeroes ^ + Z 7 of the C(s)-function such 
that 

/3g (0,1), 7e (0,T). 

We suppose that T is not equal to any 7 . Otherwise, we put 

N{T) = 1 lim [N{T + e) + N{T - e)]. 

2 £^o+ 

It us well-know that 

where 

(1.1) S'(T) = 1 argC Q-f , 

and the value of arg is obtained by continuous variation along the straight lines 
joining the points 

2, 2 + iT, - + iT, 

starting with the value zero. Next, we have the function 

(1.2) Si{T) = [ Sit)dt. 

Jo 


1.2. Further, let us remind the following facts 


c 




giargC(5-|-it)^ 


i.e. the functions 
(1.3) 
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are parts of the Riemann function 



The study of these functions have proceeded by isolated ways. Namely: 
(a) the first one studied by Hardy-Littlewood 


rT+u 


C o + ** 


dt- 171nr,... 


(b) the second one by Backlnnd, E. Landau, H. Bohr, Littlewood, Titchmarsh 
- to the fundamental Selberg’s results (see [3], [1]). 

Let us mention two of the Selberg’s results: 

rT+H 


(1.4) 


/ J / ff \ 

T‘^ <H <T; i < a < 1, IgN, 


where I is arbitrary and fixed, (see [1], p. 130), and 


(1.5) Si{t) = I (In t)^^^ (In In t) , 

(see [4], p.l50). 


Remark 1. For our purpose it is sufficient to use the formula (II.4|) in the minimal 
case 

H = e > 0, 

where e is snfficiently small (non-principal improvements of the exponent 1/2 are 
not relevant for our purpose). 


1.3. To this date, there is no result in the theory of the Riemann zeta-function 
about the interaction of the functions (1131), or the functions 


( 1 . 6 ) 



That is, there is nothing known like 


F 


C 1 o + 


,|^i(r)| 


= 0 


for a set of values t, r. 

On the other hand, we have developed (see m) the method of (/-factorization 
that gives, for example, the following formula (see [I], (1.7)) 


1 

Vie (i +*ao)| 



together with the infinite set of corresponding metamorphoses of the main multi¬ 
form. 

In this paper we use this method to obtain a result of the new type 


(1.7) 


|5'i(ao)| 



C {^+iar) 1 

C (2 + */3r) J 
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together with the infinite set of metamorphoses of the corresponding Q-system from 

i- 

Remark 2. A kind of nonlinear and nonlocal interaction of the functions (HH) is 
expressed by the formula uni. 

2. Theorem 

2.1. We begin with the Selberg’s formula 

rT+H 


( 2 . 1 ) 


/ i 

{Si(t)y’-dt ciH, T -)> oo, 
H = IgN, e > 0, 


(comp. (11.41) and Remark 1), where I is arbitrary and fixed, e is sufficiently small. 
Now, if we use our method of transformation (see [2], (4.1)-(4.19)) in the case of 
the formula ( 12 . 11 ) then we obtain (see ( 11 . 11 ) . ( 11 . 21) 1 the following 


Theorem. Let 

( 2 . 2 ) 

where 


1 k ^ 

[T,T + H] [r,fTiJ],...,[T,fTH], 


[T,T + iJ], r = l,...,fc, k < ko, fco G N 

be the reversely iterated segment corresponding to the first segment in ( 12 . 21 ) and 
fco be an arbitrary and fixed number. Then there is a sufficiently big 

To = To{l, e) > 0 

such that for every T > Tq and every admissible l,e,k there are the functions 
Or = ar{T, 1; e, fc), r = 0,1 ,..., fc, 

Pr = PriT;e,k), r = l,...,fc. 


(2.3) 


such that 


C +*J') = 0 


(2.4) 


rao{T) 


argC 


r(ci)=' n 


C {\ + iar{T,l)) 


Moreover, the sequences 


C(i + */3.(r)) 

{ar}r.=0j {Pr}r=l 


, T —>■ 00 . 


have the following properties 

T < Qfo < 0^1 < • • • < Q!fc, 

T < < ^2 < • • • </3fc, 

(2.5) , 

ao G (T,T + H), Ur, Pr G {T^T + H), 
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( 2 . 6 ) 

where 


Ur+l - Or ^ (1 - c)'k{T), r = 0, 1, . . . , fc - 1, 
/3r+i - /3r ^ (1 - c)tt{T), r = 

HT) T ^ oo 


is the prime-counting function and c is the Euler’s constant. 

Remark 3. Let us notice that the asymptotic behavior of the sets 
(2.7) {ajto, mLi 

is as follows: at T —)> oo the points of every set in ( 1131 ) recede unboundedly each 
from other and all together recede to infinity. Hence, at T —>■ oo each set in dUl) 
looks like one-dimensional Friedmann-Hubble universe. 

2.2. Let us denote the mean-value of the function 


argC ^ S 


by the symbol 


(argC 


it)) 


[0,T] 


Let us mention that the function under consideration has an infinite set of first-order 
discontinuities. Since 

rao(T) 


argC = “o('r) (argC +*^)) 


[O.ao(T)] 


then we obtain from (j2.4ll the following 

Corollary 1. 


( 2 . 8 ) 


(argC 


7r(ci)5 


it)) 


ao{T) 


n 


[O.ao(T)] 

C (^ + iar 


{T,l)) 


C(i+i/3.(T,0) 

ao{T) G {T,T + H), T ^ oo. 

Let us remind that the following Littlewood’s estimate (comp. [^, p. 189) 

Si(t) = C>(lnt), t ^ oo 

holds true. Hence, we have (see dm, dm) the estimate 


(2.9) 


(argC 


■it)) 




[O.T] 


\ T J 


T 


Remark 4. Consequently, we have obtained in the direction of the estimate (12.91) 
the explicit asymptotic formula (12.81) for the mean-value 


(argC 


[O.T] 


on the infinite subset 

{ao(T)}, aoiT) G (T, T + T ^ oo. 
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3. Reduction of the integral in (12.41) 

3.1. Now, we use the Selberg’s ll-theorein (IE3 to transform our formula (j2.4|) . It 
follows from (lEB that there are two sequences 




such that 

Si{an) > H(lna„)^/^(lnlnan)“^°/^, 

(3.1) 

Siibn) < -H(lna„)^/^(lnlna„)“^°/^; 
A,B>0. 

Since 



Si{t), t > 0 

is the continuous function then by dsm there is (Bolzano-Cauchy) the sequence 

(3.2) : 5'i(/x„) = 0, -)> oo, 

where /i„ is the odd-order root of the equation 

(3.3) 5'i(t) = 0, t > 0. 

Remark 5. We may suppose, of course, that the sequence (13.21) is complete one in 
the usual sense, the interval 

il-tm fJ-n+l) 

does not contain any other odd-order root of the equation (13.3|) . 

Remark 6. There is no need to discuss (for our purpose) the question about even- 
order roots of the equation (I3.3|l . 


Hence, we have: if 

(3.4) fc = fc[ao(T)] : < Q!o(T) < 

and (of course, see (12.41) . (13.31) 1 

5i[ao(T)]^0, 


then 

(3.5) 


r«o(T) 


poiQ{l) nfik paz 

Si[ao{T)]= Sit)dt= + = 

Jo Jo J fiji J 

Consequently, we have from (12.41) by (13.41) . (13.51) the following 


S{t)dt. 


Corollary 2. 


(3.6) 


rao 

t^k 


^o(T) 


argC 



dt 


k 

- 7r(Q)^ n 

r—1 


C{\ + iar{T,l)) " 

C(i + */3.(r)) 


T —>■ 00. 
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3.2. Next, we obtain from (13.6L (comp. (12.81) '). the following 

Corollary 3. 


(3.7) 




(argCI - + )) 


\ z / 

[/ij,ao(T)] 


7r(ci)^‘ 

k 

rr 

C( 

ao(T) - fik 

c 

see dig, ( 10)1 



(argC +*^)) 

[MS.ao(T)] 


c {\ + iar{T,l)) 


C(i + */3.(r)) 


otoiT) 


aoiT) - fxj. 


A \ 


(argC ( +*m) 


\ z / 

[0.«o(T)] 


, T —>■ oo. 


4. On infinite set of metamorphoses of the Q-system that is 

GENERATED BY THE FACTORIZATION FORMULA ()2.4D 
4.1. Let us remind the Riemann-Siegel formula 

(4.1) Z(t)=2 cos{i?(t) — tInn} + 0(1“^/'^), 

“ Vn 


2<T(t) 


where 


Z(t) = e*’’(‘)c(i+*t), rit) = 

In^r + ImlnL Q + , 

(see [5], pp. 79, 239). Next, we have introduced (see [2], (2.1)) the following 
oscillatory Q-system (based exactly on the Riemann-Siegel formula (14.11) 1 


r=l 


(4.2) 


G{xi, ...,Xk;yi,...,yk) = Y[ 

k 

=n 


Z{Xr) 


Z{yr) 

T,n<r(xr.) COs{^{Xr) - Xr Inn} -f R{Xr) 


where 


(4.3) 


J2n<T{yr) 7 ^ cos{i?(j/^) - yr Inn} -f R{yr) 
[xi,...,Xk) € Ml, {yi,...,yk) G Ml, 

R{t) = fc < fco G N, 


Ml = {ixi,...,Xk) G (To, -l-oo)'‘. To < cci < • • • < Xk}, 
Ml = {{yi, ■■■,yk) G (To, -foo)'^. To < yi < • • • < yk}, 

Xr,yr^l ■ C Q + n) = 0, ■r = 1, ■ • ■ , fc- 
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4.2. Next, we have obtained (see [5], (3.1)) the following spectral formula 


(4.4) 


r,, X „ 1 f , T(Xr) Xr TT I 

Z{t) = 2 ^ COS U In-^ - f + 


+ 0{X^ T{Xr) = 


t G [Xr,Xr +V], V € (0, 

(and similarly for Xr —> Ur), where 

To < Xr,yr, r 

Remark 7. The spectral formula (14.41) is, of course, a variant of the Riemann-Siegel 
formula gH). 


Remark 8. We call the expressions 

2 


(4.5) 


^/n 


cos 


^tUJ„{Xr) 


Xr TT 

Y ~ 8 




as the local Riemann’s oscillators with: 

(a) the amplitudes 


2 

7^’ 


(b) the incoherent local phase constants 

I 2 8J’’l 2 8/’ 

(c) the non-synchronized local times 

t = t{Xr) G [Xr, Xr + V], . . . 

(d) the local spectrum of the cyclic frequencies 


{^n{Xr')}ri<T(xr): ^niXr^ — lo 
{Wn( 2 /r)}n<r(j/,), W„(j/r)=ln 


'{Xr) 

n 

T{yr) 

n 


Remark 9. The Q-system (14.21) represents a complicated oscillating process gener¬ 
ated by oscillations of big number of the local Riemann’s oscillators (14.51) . 

4.3. Now, in connection with the oscillating Q-system (14.21) . the following corollary 
follows from our Theorem 


Corollary 4. 


(4.6) 


n 


'En<r{ar) COs{d(ar) “ OLr In n} -H R{ar) 


J2n<T(l3r) 7 ^ COs{d(/ 3 r) - Pr Inn} -h R[Pr) 




rao(T) 


arg c ( 2 + J 


CX). 
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Remark 10. Hence, we have two resp. one parametric sets of control functions 
(=Golem’s shem) for admissible and fixed e,k, (see (12.31) '). 

{aoiT,l),ai{T,l),.. .,akiT,l)}, 

(4.7) {^i(r),...,/3fe(T)}, 

T £ (To, +oo), Z G N, 

of the metamorphoses (gH), (comp. [T],[5]). 

Remark 11. The mechanism of the metamorphosis is as follows. Let (comp. (14.3L 

(SID) 

M3 = {ai(r,Z),...,afe(r,Z)}, 

M4 = {/li(r),...,/3fc(T)}, 


(4.8) 

where, of course 

(4.9) 


Ml c Ml c (To, +oo)^ 

Ml c Ml c (To, + 00 )^ 

Now, if we obtain after random sampling of the points 

{xi,...,xk), (yi,...,yfc) 

(see the conditions (14.31) 1 such that 

{,xi,...,Xk) = (ai(T,Z),...,afe(T,Z)) e Ml, 

{yi,...,yk) = mT),.-..Pk{T))&Ml, 

(see (14.8L (14.91) 1. then - at the points (14.101) - the Q-system (14.21) changes its old 
form (=chrysalis) to the new one (=butterfly), and the last ist controlled by the 
function ao{T). 

4.4. Now, we rewrite the formula (14.61) . (comp. (13.61) 1. as follows: 

rao{T) 


(4.11) 




argC ( 2 + dt 


n 


T,n<r{c.r) cos{d(ar) - Inn} + R(ar) 


Y.n<r{M 7^ COs{§{l3r) - Pr Inn} + R{Pr) 


Remark 12. The formula (14.111) expresses the metamorphosis in the reverse direc¬ 
tion. We describe the mechanism of this as follows: we begin with the integral 


that is the Aaron staff, 


argC [^+it]dt 


pctoiT) \ 

4 . »sc(5 +.t) 


that is the bud of the Aaron staff corresponding to w = ao{T), 


r{ci)^‘ n 


E«<r(a,) -3^ cos{-d(ar) - Or In n} R{ar) 


J2n<r(M COs{diPr) “ Pr Inn} R{Pr) 
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already metamorphosed one into almonds ripened, (motivation: Chumash, Bamid- 
bar, 17:23). 

I would like to thank Michal Demetrian for his help with electronic version of 
this paper. 
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